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CONVERGENCE ABSCISSAS FOR DIRICHLET SERIES WITH MULTIPLICATIVE 

COEFFICIENTS 

OLE FREDRIK BREVIG AND WINSTON HEAP 


Abstract. This note deals with the relationship between the abscissas of simple, uniform and 
absolute convergence for the Dirichlet series f{s) = cinn~^, when the coefficients an are 
either multiplicative or completely multiplicative. 


Consider the ordinary Dirichlet series 


oo 

f{s)-J^ann~\ s-a + it. 

n=l 

A basic fact is that Dirichlet series converge in half-planes, just as power series converge in 
discs. However, Dirichlet series can have different types of convergence in distinct half-planes. 
It was H. Bohr 01(61 who first studied the relationship between the following three convergence 
abscissas: 


(Lc(/) = inft cr : ^ ^ converges > 


n=l 

oo 


atif) = ^nf\a : Y, Unn ^ converges uniformly for t e 


n=l 


(Simple), 

(Uniform), 


aaif) = inf la : £ 


Clr 


I n ^ converges 


n=l 


(Absolute). 


Clearly ac<at< a a, and it is easy to deduce that aaif) - Cfcif) < 1. Under the assumption that 
the Dirichlet series / does not converge at s = 0, the Cauchy-Hadamard type formulas for these 
abscissas are: 


(Tc (/) = lim sup log 

x-oo logx 




n<x 
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V feR 
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n<x 


(7fo(/) =limsup-^log 
x^oo logx 

1 

(7fl(/) = limsup--log ^ |a„ 

x^oo logx \n<x 


cin n 


-It 


By choosing a„ = ±1 in a suitable manner, it is now easy to construct a Dirichlet series with 
o'a-cyc = for any a e [0,1]. Moreover, the Cauchy-Schwarz inequality can be applied to show 
that aa-at< 1/2. The fact that there are Dirichlet series with aa-at = P for any p e [0,1/2] 
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is a result due to Bohnenblust-Hille l3l|. See [21 for an excellent exposition of these results, 
containing clear proofs using modern techniques. 

The inequality used in (S) to obtain this result was recently substantially improved (B [U] , 
and the improved version can be used to get a precise qualitative version of the optimality of 
= 1/2 in view of the Cauchy-Hadamard formulas given above (see fl^ l. 

It is interesting to consider the difference between these abscissas when the coefficients have 
some added multiplicative structure (recall that a„ is multiplicative if Umn - timtin whenever 
gcd(m, n) - I and is completely multiplicative if this relationship persists for any choice of m 
and n). For example, the Riemann hypothesis is equivalent to aa-orc = 1-/2 for the series 

OO 

1/C(5) = ^ pin)n~^ = 0(1“ P~^) ’ 

n-l p 

where pin) is the Mdbius function, which of course is multiplicative. 

Levy [m argued that any random model of the Mdbius function should take into account the 
multiplicative nature of pin), and, following this, Wintner |T7| showed that the Dirichlet series 
represented by the Euler product 

Y\{l + epp-^] 
p 

has Uc = 1 /2 almost always, and concluded that “the Riemann hypothesis is almost always true”. 
Here Sp denotes the Rademacher random variables which assumes the values ±1 with equal 
probability. 

Motivated by this result regarding “typical” behavior, we will investigate the possible values 
for (Taif) - crdf) and crdf) - ctif), when the coefficients of the Dirichlet series / are either 
multiplicative or completely multiplicative. For the first quantity, we have the following. 

Theorem 1. There exists a Dirichlet series f with completely multiplicative coefficients such that 
craif) - crcif) = a for any ae [0,1]. 

Proof. The cases a = 0 and a = 1 follow from considering the Riemann zeta function and the 
Dirichlet L-function of a non-principal character, respectively. 

For 0 < a < 1, consider 

OO 

gais) = (1 - 3^-“-")“^ = £ 

k=0 

We now let x denote the non-principal character of modulus 3 and we consider the Dirichlet 
series given by the product 

fis)^ gais)Lis, X)- 

Clearly fis) has completely multiplicative coefficients, since ^(3) = 0 and since gals) is a 
geometric series. The latter fact also implies that Uciga) = <^aiga) -f-cc, and for the L-function 
of a non-principal character we have ac - 0 and aa - 1. Now, the product of a conditionally 
convergent series and an absolutely convergent series is conditionally convergent, so we have 
adf) < 1-a. This cannot be improved, since/(I-a) does not convergence (an infinite number 
of the terms have modulus 1), so crdf) - I-a. 

The product of two absolutely convergent series is absolutely convergent, so adf) < 1. We 
let |/|(s) denote the Dirichlet series where we have replaced the coefficients by their absolute 
values. We see that |/|(1) diverges since L(l, j jj) diverges, the coefficients of ga are positive, and 
gail) f 0. In conclusion, we have adf) - o’df) = 1 - (1 - a) = a. □ 
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Of course, gais) can be replaced by any power series in 3“^ with non-negative coefficients 
and (Tfl = 1 - a to obtain an example which is multiplicative, but not completely multiplicative. 

Our next result can be considered as an example of the following scheme: A contractive func¬ 
tion theoretic result concerning power series, can possibly be applied multiplicatively to obtain 
a similar result for ordinary Dirichlet series. A recent example of this type of result is (9l Thm. 2]. 
See also the proof of the main theorem in (m . 


Theorem 2. Suppose that the Dirichlet series f has multiplicative coefficients. Then aa = o’b. 

It was H. Bohr who realized the connection between Dirichlet series and function theory in 
polydiscs O, through the correspondence p~f Zj. Inspecting the prime factorization n = 

ri/ p,we associate to the integer n the multi-index a{n) = {a\, a 2 ,...). The Bohr lift of the 
Dirichlet series f{s) - L„>i ann~^ is the power series 

OO 

^fiz) = ^ anz‘^^'"\ 

n=\ 

Using Kronecker’s theorem [I2l Ch. 13] (see also US) Sec. 2.2]), we may conclude that 

ll/lloo:=supl/(s)l = sup l^/(z)l. 

(j>0 zeD°°nco 


Now, let us suppose that f has multiplicative coefficients. We may then factor 

OO 

fis) =n(i+E 

j ^ j 

at least for a > a a- In particular, since each prime only appears in one factor, we also obtain 

ii/iioo= sup \mfiz)\^Y\sup\mfj{Zj)\^Y\\\fj\\oo. 
zee°°nco j zjeD j 

To complete the proof of Theorem|2j we will require the following. 

Lemma. LetF{z) - 'Lm>obmZ"^ and suppose that svip^^^\F{z)\ <oo. LetO< r < 1. Then 

OO 

y 1 hm 1 rC(r) sup lF(z)l, 

m =0 zeD 


where 


C(r) = 


1, 0<r<l/3, 

l/Vl-r2, l/3<r<l. 


Proof The first estimate is Bohr’s inequality [71 , the second follows from the Cauchy-Schwarz 
inequality, Parseval’s formula and the maximum modulus principle. □ 


The contractive function theoretic result for power series mentioned earlier is that C(r) = 1 
when 0 < r < 1/3. It should also be pointed out that the values C(r) prescribed above are not 
optimal when r > 1/3, and that precise estimates in this range can be found in ]8]. 

Proof of Theoremf^ Let the coefficients of f{s) - Lw>i be multiplicative, and fix e > 0. 

Since uniform convergence implies boundedness, we may (after a horizontal translation) as¬ 
sume that atif) - so that H/Hoo < oo. We then want to prove that under this assumption we 
have 

OO 

y la„ln“^ <oo, 

? 2=1 
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so that cfaif) ^ £, and hence cfaif) - o'bif) < 2e. Since e > 0 is arbitrary, ffaif) - crtif)- By the 
discussion preceding it and the lemma, we obtain 


Y. \^n\n 

n=l 


n 1+ £ \apk\p 


-ke 
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WfpW 


p Moo 




n i-ii/piioo 

^3<p'^<oo ) 
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p 


\p‘^<3 




2e 


< OO. 


□ 


Theorem [2] allows us to provide a strengthening of a result of Bohr in the case of Dirichlet 
series with multiplicative coefficients. 


Corollary. Let f[s) = L«>i ann~^ have multiplicative coefficients and suppose that f is some¬ 
where convergent. Iff has a bounded analytic continuation to a > ao + e, for every e > 0, then 
crfl(/) = o-o. 

Proof Bohr’s theorem states that ffpif) - without any assumptions on the coefficients of /. 
By Theorem[2l we have afff) - o'bif) - o'o- D 


Note added in proof 

In a recent paper [I5], J. Kaczorowski and A. Perelli have independently proven Theorem [2] 
under the additional assumption that the Dirichlet series belongs to the Selberg class. Their 
methods are slightly different and do not involve analysis on the polydisc. 
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